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Axisymmetric Static and Dynamic Buckling
of Orthotropic Shallow Conical Caps

P. C. Dumir* and K. N. Khatrit
Indian Institute of Technology, New Delhi, India

This study deals with the axisymmetric static and dynamic buckling of elastic polar orthotropic thin shallow
conical caps subjected to uniformly distributed loads. Static and step function conservative loadings on conical
caps with clamped immovable, simply supported immovable, and simply supported movable edges have been
considered. The governing equations are formulated in terms of normal displacement w and stress function i//.
Orthogonal point collocation method is used for spatial discretization and Newmark-/? scheme is used for time
marching. The present results for the isotropic clamped immovable conical caps are in good agreement with the
available results. The influence of orthotropic parameter /? and the edge conditions on the static and dynamic
buckling loads has been investigated. Dynamic buckling loads obtained from static analysis have been found to
agree well with the dynamic buckling loads based on transient response.
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Nomenclature
= radius of base of the cap
= coefficients of power series expansions of

w and \//
= coefficients in quadratic extrapolation
= Eeh3/[ 12(0-i$]
= minimum of Er and E9
= elastic moduli
= thickness of the cap
= apex height
= bending moments
= number and radii of collocation points
= in-plane forces
= classical buckling pressure for isotropic full

spherical shell with Young's modulus E and
Poisson's ratio v

= uniformly distributed load over the entire cap
= nondimensional load,
- '/s [3(1 - v2)] l/2(h/H)2(qa4/Eh4)

= buckling loads
= transverse shear
= radius, nondimensional radius
= time, nondimensional time
= in-plane and normal displacements
= average deflection, maximum average

deflection
= initial position of the middle surface above the

base
= orthotropic parameter, = EelEr -ve/vr
= mass density
= time step size
= strains
= maximum of vr and ve
= Poisson's ratios
= stresses
= stress function, nondimensional stress

function

Superscripts
( > ' , ( ' )
Subscripts
J
P
i
,/•; ,t

= partial derivatives with respect to p and T
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= marching step
= predicted value
= value at the rth collocation point
= partial derivatives with respect to r and t

Introduction

NONLINEAR static and dynamic buckling of elastic
shallow caps have received great attention1 due to their

importance in the area of aerospace and mechanical
engineering. Most of the investigations consider the case of
shallow spherical caps. Deep conical shells have been exten-
sively studied, but shallow conical shells have received little
attention. Akkas and Bauld2'3 used finite difference tech-
niques to analyze the static and dynamic buckling behavior
of clamped isotropic shallow conical shells under uniformly
distributed loads and a point load at the apex. Hubner and
Emmerling4 and Hubner5 have presented the static response
of isotropic shallow truncated conical caps with a free hole
under an axial central load.

The object of this investigation is to study the axisym-
metric static and dynamic buckling of elastic cylindrically
orthotropic thin shallow conical caps subjected to uniformly
distributed loads normal to the undeformed surface over the
entire cap. Static and step function conservative loads have
been analyzed. Conical caps with clamped immovable, sim-
ply supported immovable, and simply supported movable
edges have been considered. The influence of orthotropic
parameter /3 and the edge conditions on the static and
dynamic buckling loads have been investigated. Dynamic
buckling loads have also been obtained from static analysis
and have been found to agree well with the results obtained
from the forced vibration analysis.

Mathematical Formulation
Marquerre-type governing equations for axisymmetric

moderately large deflection of cylindrically orthotropic
shallow conical shell are formulated in terms of normal
displacement w and stress function \j/. The middle surface of
a conical cap of base radius a and apex rise H (Fig. 1) is
given by

(1)
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The constitutive equations for cylindrical orthotropy and
the strain displacement relations for moderately large ax-
isymmetric deflections of shallow caps are

1
er = u*-wXrw

u* z
r r

/0v(2)

with /3=Ee/Er = ve/vr. The stress resultants are given by

h/2 p h r 1 u*

-»n ̂  = J[^-<^T^^-

h/2 E h

-»af*=j
(3)

h/2 / W*
«*;<!«=, -!>(*•„ + •.,-£

— AZ/2 \ /

f A/2 / VV*
Af,= za;dz=-.DUw*r + /3-f

J —h/2 \ T

S h/2

-hn <dZ

where D = Eeh3/ [ 12(/3- ̂ )] .
Neglecting the damping and in-plane as well as rotary iner-

tia and applying Hamilton's principle gives the differential
equations of conical caps as

(rNr)t,-N9=0 (5)

Me>r- (rMr\rr- [rNr(w*-wS)>r]>r= (q-yhw*tt) (6)

The condition of zero shear at the center is

w*-w3)>r]\r=0 = 0 (7)

Equation (5) is satisfied if the stress resultants are expressed
in terms of a stress function \j/* as follows:

Integrating Eq. (6) from 0 to r and using Eq. (7) gives

(8)

9 — (rMr) r — rNr(w* - w0*) r = \ (q — yhw*t)rdr (9)
Jo '

Using Eqs. (1), (4), and (8), the equation of motion (9) can
be expressed in terms of w* and \l/* as

n£* / H \
+ rw*r-/3w*--^-^w*+——J

(10)

Eliminating u* from Eqs. (3) and using Eqs. (1) and (8), the
compatibility equation can be expressed in terms of ^* as

- - =0 (11)

Then, introduce the following dimensionless parameters:

= ——— T=\————
a_

where E = minimum of Er,Ee, v = maximum of vr and ve,
and

PCL=- \h
Eh4

is the classical buckling pressure for a full isotropic spherical
shell corresponding to a spherical cap of base radius a and
apex rise H with Young's modulus E and Poisson's ratio v.
The governing equations (10) and (11) reduce to the follow-
ing dimensionless form:

P2w'" +pw" —/3wf — \l/pl w' +—7-)

- - =0 (14)

where ( )' and ( ) are derivatives with respect to p and r,
respectively. The initial conditions are assumed to be

= w(p,0)=0 (15)

The symmetry conditions at the center and the boundary
conditions for caps with clamped immovable, simply sup-
ported immovable, and simply supported movable edges
(Fig. 1) are

p = l: w = 0 (17)

w' = 0, \l/' — ve\l/ = Q (clamped immovable)

(18a)

w"+*>0W'=0 , \l/' — j>0i// = 0 (simply supported
immovable) (18b)

w " + j > 0 M > ' = 0 , \I/ = Q (simply supported
movable) (18c)

Method of Solution
To obtain the transient response, the time is incremented

in small steps AT and the nonlinear equations (13) and (14)
are solved iteratively at each step / by linearizing the
nonlinear terms for each iteration as

(W'\1/)T = W'T \!/T (W')2T=W'T W'T (19)v y t j JPYJ> \ >j jp j \ >

where the predicted term wj is taken as the mean of its
value at the two preceding iterations. For the first iteration,
the predicted value w} is extrapolated quadratically from
the values of w' at thePthree preceding steps,

(20)

where Al9 A2, and A3 for various steps are 1,0,0(7=1);
2,-l,0(/=2); and 3,-3,l(/>3).
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Fig. 1 Geometry and loading for conical cap.

The orthogonal point collocation method,6 with the zeros
of a Legendre polynomial as collocation points, has been
used for the spatial discretization of Eqs. (13) and (14). For
N collocation points, the deflection w and stress function ^
are expanded as finite degree polynomials in p

N+3
(21)

The N collocation points p, are taken at the zeros of the Mh
degree Legendre polynomial in a range of 0-1. The
Newmark-|8 scheme7 with the parameters corresponding to
the average acceleration method is used to discretize the iner-
tia term

4(wJ-Wj_l

(Ar)2 (Ar)
(22)

The 27V collocation equations for the differential equations
(13) and (14) are

48(g-ij)

E

i-o

~i——i—i——i——i——i——i——i——r
CLAMPED IMMOVABLE
SIMPLY SUPPORTED IMMOVABLE ———
SIMPLY SUPPORTED MOVABLE ———
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Fig. 2 Deflection response of conical caps under static load for
0 = 10.

check on the accuracy of the results, at every step the sum of
the kinetic and strain energies of the cap is compared with
the sum of initial kinetic energy and the external work done
up to that step. The difference between those two sets of
energies has been found to be negligible at all steps.

Buckling Criteria
Dynamic Buckling

The criterion suggested by Budiansky and Roth8 is
adopted in this study. The peak average displacement in the
time history wmax of the cap is plotted against the magnitude
of the step load, where the average displacement w is given
by

(23)

-0, /=!...,7V (24)

The five equations for the boundary conditions are solved
for al9a2,Q3 and bl9b2

 in terms of the remaining Ato's and
M?'s, respectively. Equations (23) and (24) are the 2N
discretized equations for these a's and b's. These are solved
by Gaussian elimination with pivoting. The iterations are
continued until the average deflection w converges within
0.1% accuracy. Convergence studies have revealed that nine
collocation points and AT = 0.001-0.01 (depending on edge
conditions, orthotropic parameter /5, and shell parameter
H/h) yield quite accurate converged results. As a further

In case there is a situation in which a distinct jump in wmax
occurs with a small change in the load, this load is taken to
be the dynamic buckling load. On the other hand, if there is
a gradual transition from the low to the high range of
wmax, the buckling load is taken as that corresponding to the
lower knee of the load vs wmax curve.9,10

Static Buckling
The average deflection w is incremented in small steps and

the governing equations are solved to obtain the correspon-
ding load at each step. If a maximum occurs in the value of
the load, then it is taken as the static snap-through buckling
load.

Dynamic Buckling Loads from Static Analysis
The computer time necessary for obtaining the dynamic

buckling load using the forced vibration approach discussed
above is very large/The "energy criterion" of Hoff and
Bruce11 provides a method to find dynamic buckling loads
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Fig. 3 Deflection response of conical caps under step loads (0 = 1).

-2 6 H/h 10 U

Fig. 4 Effect of /3 on buckling loads of clamped immovable caps.

Table 1 Effect of Poisson's ratio v on static buckling load (////z =

Clamped
immovable

V

0.25
0.30
0.35

0=1
0.3843
0.3927
0.4021

10

0.6882
0.6833
0.6765

0.1

1.783
1.791
1.800

Qcr
Simply supported

immovable
1

0.1892
0.1945
0.2002

10

0.4445
0.4442
0.4426

0.1

0.6378
0.6415
0.6455

Simply supported
movable

1

0.06909
0.07028
0.07157

10

0.1973
0.1959
0.1940

0.1

0.2364
0.2376
0.2388

from static analysis. It is assumed that if the structure can
reach an unstable static equilibrium configuration during its
forced oscillations, it may then buckle. Using this method,
sufficiently accurate dynamic loads for spherical caps have
been obtained by Akkas.12

A similar criterion has been used in this study to determine
dynamic buckling loads from static analysis. Approximate
value of the maximum response wmax under step loads is
determined from static analysis. It is assumed that, at the in-
stant of the maximum average deflection, the cap has zero
velocity and the deflected shape is the same as that under a
static load causing the same average deflection. If the
uniformly distributed static load Q results in an average
deflection w with the strain energy U(Q), then the step load
QQ that will yield the maximum average deflection wmax
equal to w is given by

w*(r)q02irrdr = -
J o

16TT

•-U(Q) (26)

If 60 = Q> this l°ad is taken as the dynamic buckling load by
Akkas.12 In the present study, the first maximum of the step
load Q0 vs wmax curve obtained from the static analysis has

been taken as the dynamic buckling load. This value happens
to be the same as the one obtained using the criterion
adopted by Akkas.

Results and Discussion
The influence of orthotropic parameter (3 and in-plane and

rotational edge conditions at the support on the axisym-
metric static and dynamic buckling loads of shallow conical
caps subjected to uniformly distributed load has been in-
vestigated for several values of the apex rise-to-thickness
ratio H/h. The response may be asymmetric for higher
values of the rise parameter H/h and for some values of /3.
However, this investigation is limited to axisymmetric buck-
ling. The effect of Poisson's ratio v on the static buckling
load of a conical cap, with rise parameter H/h = 8, is shown
in Table 1 for three edge conditions and three values of the
orthotropic parameter /3. It is concluded from these results
that the effect of Poisson's ratio v is not significant. The
larger Poisson's ratio v has been taken as 0.3 in all of the re-
maining cases considered in this study.

The deflection response of conical caps with clamped im-
movable, simply supported immovable, and simply sup-
ported movable edges subjected to uniformly distributed
static load is displayed in Fig. 2 for (3=10 and shell
parameter #//z = 2,3,4,6,10,14. Caps with H/h = 2 do not
snap through, but rather show the typical behavior of initial
softening followed by hardening. The cap with H/h = 3
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snaps through for the simply supported immovable case, but
does not for the clamped immovable and simply supported
movable cases. For the simply supported immovable cap
with H/h = 3, it has been possible to obtain portions of the
response curve corresponding to unstable static equilibrium
configurations as well as the postbuckling portion of the
curve after snap-through. Caps with higher values of H/h
snap through for all edge conditions. In all cases, the static
buckling load is determined from the maxima in the load-
deflection curve.

Typical average deflection responses to uniformly
distributed step loads are shown in Fig. 3. The maximum
average deflection has a sharp jump when the step load is in-

STATIC BUCKLING LOAD —
DYNAMIC BUCKLING (QkD ——

Fig. 5 Effect of /3 on buckling loads of simply supported im-
movable caps.

creased from 0.320 to 0.325 for isotropic clamped im-
movable conical caps with H/h = 6. Hence, the snap-through
dynamic buckling load Qcr lies between 0.320 and 0.325.
Buckling loads have been obtained on the basis of a few
cycles. More accurate buckling loads can be obtained by
studying the transient response for a large number of cycles,
but at the cost of greater computational time. The inevitable
presence of damping tends to increase the dynamic buckling
loads, as has been shown for spherical caps by Ganapathi
and Vardan.13 Thus, the dynamic buckling loads based on
transient responses for a few cycles, although on the high
side, are practically meaningful in the context of the in-
evitable presence of damping. The variation of the maximum
average deflection with the load for isotropic simply sup-
ported immovable conical caps is shown in Fig. 3 for
#//i = 5,7,10,14. The dynamic buckling loads corresponding
to a sharp jump in the maximum average deflection are also
indicated. In almost all cases extending over a wide range of
0, H/h, and boundary conditions, the dynamic buckling
load has been found from a sharp jump in the maximum
average deflection. In very few cases of H/h = 2 or 3, it has
been found from lower knee of the load vs wmax curve.

The effect of orthotropic parameter 0 on the static and
dynamic buckling loads of conical caps with clamped im-
movable edges under uniformly distributed static and step
function loads is depicted in Fig. 4. An isotropic case (0=1),
two orthotropic cases with 0<1 (0=1/3,1/10), and two or-
thotropic cases with 0> 1 (0 = 3,10) are considered. The pres-
ent results for the isotropic case agree well with the results
of Akkas and Bauld.2 Being based on the transient response
for a few cycles, the dynamic results are somewhat higher
than those of Ref. 2. It is observed from Fig. 4 that the
static and dynamic buckling loads increase with the degree of
orthotropicity for (3 < 1 as well as for (3 > 1. The increase for
0 of less than 1 is greater than the corresponding increase for
(3 of more than 1. The dimensionless buckling load Qcr
decreases with the rise in parameter H/h for 0= 1, 1/3, and
1/10 and increases with H/h for 0 = 3 and 10. In all cases,
the dynamic buckling Iqad is about 80% of the static buck-
ling load.

The effect of orthotropic parameter 0 on the buckling
loads of conical caps with simply supported immovable
edges is shown in Fig. 5. The buckling loads increase with
the degree of orthotropicity. The effect of 0 and H/h on Qcr
is similar to the clamped immovable case. The buckling loads
for the simply supported immovable caps are much smaller

Table 2 Comparison of dynamic buckling loads from static and transient analysis

Clamped
immovable

]8 H/h
1 6

10
14

3 6
10
14

10 6
10
14

1/3 6
10
14

1/10 6
10
14

Static
analysis

0.3206
0.3075
0.2981

0.3941
0.4056
0.4048

0.4959
0.5242
0.5364

0.6686
0.5923
0.5611

1.5412
1.2861.
1.1604

Dynamic
analysis

0.322
0.308
0.303

0.397
0.410
0.415

0.497
0.547
0.583

0.641
0.569
0.539

1.507
1.234
1.118

Qcr
Simply supported

immovable
Static

analysis

0.1557
0.1564
0.1583

0.2183
0.2337
0.2430

0.3117
0.3495
0.3747

0.2731
0.2651
0.2638

0.5381
0.4953
0.4815

Dynamic
analysis

0.1560
0.1575
0.1605

0.219
0.237
0.247

0.3175
0.3625
0.3935

0.2613
0.2548
0.2545

0.5113
0.4747
0.4613

Simply supported
movable

Static
analysis

0.05906
0.05246
0.04956

0.09362
0.08320
0.07868

0.1708
0.1469
0.1407

0.10224
0.09197
0.08715

0.1905
0.1721
0.1658

Dynamic
analysis

0.0595
0.0525
0.0498

0.0940
0.0834
0.0792

0.1688
0.1472
0.1407

0.0978
0.0883
0.0836

0.1834
0.1669
0.1579
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0-25
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Qcr
0-15
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STATIC BUCKLING LOAD
DYNAMIC BUCKLING LOAD

H/h 10

Fig. 6 Effect of 0 on buckling loads of simply supported movable
caps.

than those for the clamped immovable caps, implying that
the rotational edge condition has a significant effect on the
buckling loads.

The effect of orthotropic parameter /3 on the buckling
loads of conical caps with simply supported movable edges is
presented in Fig. 6. The buckling loads increase with the
degree of orthotropicity. The increase is again more pro-
nounced for /3<1 than for /3>1. In general, the buckling
load Qcr decreases with H/h for this case. The buckling
loads for simply supported movable caps are much smaller
than those for the simply supported immovable caps, in-
dicating the strong influence of the in-plane edge conditions
on the buckling loads.

The uniformly distributed dynamic buckling loads ob-
tained from static analysis are compared with those obtained
from transient analysis in Table 2. It can be seen that suffi-
ciently accurate values of the dynamic buckling loads can,
for practical purposes, be obtained from static analysis over
a wide range of the edge condition, orthotropic parameter,
and shell parameter H/h. Thus, the applicability of the
method of determining dynamic buckling loads from static
analysis has been demonstrated for the structural configura-
tion of a shallow conical cap.

Conclusions
The axisymmetric buckling of orthotropic shallow conical

caps subjected to uniformly distributed static and step func-
tion loads has been studied. Marguerre-type governing equa-
tions have been discretized spatially by the orthogonal point
collocation method and temporally by the Newmark-/3
scheme. The effect of Poisson's ratio v has been found to be
marginal. The buckling loads increase with the degree of or-
thotropicity for (3 < 1 as well as for ft > 1. The increase is
greater for /3< 1 than for /3> 1. The dynamic buckling loads
are about 80% of the static buckling loads. The in-plane and
rotational edge conditions have been found to have a signifi-
cant influence on the buckling loads. Sufficiently accurate
dynamic buckling loads have been obtained from static
analysis. Thus, the validity of this economical method of
determining dynamic buckling loads for the case of shallow
conical caps is demonstrated.
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